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Abstract 


Let  L  =  (p^,  P£)  •••>  Pn)  be  a  list  of  real  numbers  in  the  interval 
(0,  1].  The  one-dimensional  bin  packing  problem  is  to  place  the  p^'s 
into  a  minimum  number  of  unit-capacity  bins.  For  any  algorithm  A,  let 
A(L)  denote  the  number  of  bins  used  by  A  in  packing  L  and  let  OPT(L) 


denote  the  minimum  number  of  bins  needed  to  pack  L. 
for  any  on-line  algorithm  A, 


lim  {  max 
n—  ®  OPT(L)  *  n 


ACL) 
OPT  (L) 


■}  >  1.536  . 
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I.  Introduction 


Let  L  *  (p^,  p£.  ....  Pn)  be  a  List  of  real  numbers  in  the  interval 
(0,  1].  The  one-dimensional  bin  packing  problem  is  to  place  the  p^'s 
into  a  minimum  number  of  unit-capacity  bins;  i.e.,  the  sum  of  the  numbers 
in  each  bin  can  be  at  most  1.  Because  this  problem  is  known  to  be  NP- 
hard  [8],  much  work  has  been  done  in  the  study  of  heuristic  algorithms 
with  guaranteed  performance  bounds  [12,  13,  14,  16]. 


this  paper  m  are  concerned  with  algorithms  for  which  the  pieces 
(numbers)  in  list  L  are  available  one  at  a  time,  and  each  piece  must  be 
placed  in  some  bin  before  the  next  piece  is  available;  such  an  algorithm 
is  referred  to  as  on-line  — L3-, — 16.] .  The  performance  measure  used  is 
the  ratio  of  the  number  of  bins  used  by  an  algorithm  A  in  packing  list 
L,  A(L) ,  to  the  optimum  (minimum)  number  of  bins  required  to  pack  the 
list,  OPT (L) . 

Example  1.  Consider  the  list  =  (3/4,  1/6,  1/6,  2/3,  1/4).  One  possible 
packing  algorithm  is  the  well  known  First-Fit  (FF)  Algorithm  [12,13,14], 
which  places  each  piece  in  the  first  bin  which  has  enough  available 
space.  As  shown  in  Figure  la,  this  algorithm  leads  to  a  packing  which 
uses  three  bins.  An  optimal  packing  requires  only  two  bins  (see  Figure 


lb).  Notice  that  FF(L1)  =  |  0PT(L1).  I 

We  are  interested,  however,  in  the  ratio  -  for  lists  L  with 

Uii (L/ 

many  pieces.  In  particular,  we  wish  to  determine  a  lower  bound  on  the 
performance  ratio 


lim  {  max 
n-»  oo  OPT (L)  *  n 


_A(LJ  ) 

OPT (L); 


a)  Packing  by  the  First-Fit  Algorithm:  FFCL^)  * 


b)  An  optimal  packing  of  :  OPT(L^)  *  2. 


Figure  1.  Packings  of  from  Example  1. 


Example  2.  For  n  even,  let  the  list  consist  of  n  pieces  of  size  3/8 
and  n  pieces  of  size  5/8.  The  First-Fit  Algorithm  uses  bins,  compared 
to  an  optimal  packing  of  n  bins  (see  figures  2a  and  2b).  Thus,  we  know 
that,  for  the  First-Fit  Algorithm, 

FF(L2)  *  |  OPT(L2). 

(In  fact,  it  is  known  [12,13],  that  there  is  a  list  L  for  which 
FF  (L)  ■  ^  OPT  (L)  . )  I 

We  shall  show  that  there  is  no  algorithm  which  can  always  use  fewer  than 
1.536  OPT(L)  number  of  bins.  Thus,  for  any  packing  algorithm  A, 

lim  [  max  >  1.536 

n~«  OPT (L)  «n  0FTCL' 

This  lower  bound  is  an  improvement  over  the  bound  of  1.5  proved  by 
Yao  [  16] . 

On  the  upper  bound  side,  Yao  in  [16]  gave  an  algorithm  with  a 
performance  ratio  of  5/3,  an  improvement  over  the  17/10  of  the  First- 
Fit  Algorithm.  Brown  [4]  has  an  algorithm  with  a  slightly  better 
performance  ratio  of  about  1.65. 

Much  work  has  recently  been  done  with  two-dimensional  bin  packing. 
Various  algorithms  [1,  2,  3,  7,  9]  have  been  proposed,  many  using  ideas 
from  one -dimensional  packing  algorithms  [12,13,14  ].  Some  work  on  two- 
dimensional  lower  bounds  has  also  been  done  [5,6,  15].  In  particular, 
the  1.536  lower  bound  presented  in  this  paper  extends  immediately  to 
two  dimensions  and  gives  a  1.536  lower  bound  for  any  on-line  two-dimen¬ 
sional  algorithm  which  packs  pieces  in  order  of  decreasing  or  increasing 
height  or  increasing  width  [6]. 


VIMMiA 

////in 

////// 

3/8 

•  «  • 

3/8 

3/8 

3/8 

5/8 

n/2  bins 


n  bins 


a)  Packing  by  the  First-Fit  Algorithm:  FF(L2) 


3/8 

3/8 

5/8 

5/8 

n  bins 


b)  An  optimal  packing  of  :  OPTCL^)  *  n 


Figure  2.  Packings  of  from  Example  2. 


II.  An  Example 

Yao  [16]  used  a  list  consisting  of  pieces  of  sizes  \  -  2e,  ^  +  e, 

o  J 

1  3 

—  +  e  in  order  to  obtain  his  j  lower  bound  for  any  on-line  bin  packing 

algorithm.  In  this  section  we  show  that  the  result  can  be  improved  to 

>  1.535  by  considering  a  list  with  pieces  sized  ~  -  3e,  y  +  e, 

y  +  e,  j  +  e.  In  Section  III  the  method  is  generalized  to  a  list  with 

pieces  of  t  different  sizes.  The  work  in  this  section  is  therefore  only 

a  special  case  of  what  will  be  shown,  but  it  is  presented  here  to 

illustrate  the  method  and  therefore  make  the  proof  of  the  main  theorem 

109 

easier  to  understand.  (Also,  -yy  is  not  much  smaller  than  1.536.) 

Let  e  be  a  small  positive  number,  0  <  e  <  43T42 • j  *  For  n  a 
multiple  of  42,  consider  the  list  L  »  L^L^L^L^,  where 
consists  of  n  pieces  of  size  “  3e , 
consists  of  n  pieces  of  size  y  +  e, 

consists  of  n  pieces  of  size  y  +  e, 

consists  of  n  pieces  of  size  y  +  e. 

Noting  that 

omV  -  £ , 

0PT(L1L2)  *  |  , 

0PT(L1  L2  L3)  *  j  , 

OPT  (L)  =  n  , 

we  can  define  the  ratios 
A(L^)  ^2 

rl(tl)  =  OPT  (L1)  "  ~n”  A^L1)> 

A(L  L  )  , 

r2(n)  "  OPT (L1L2)  “  n  A(L1L2)> 


(2.1) 


r3(n) 


r4(n) 


A-CL-iL-L,)  ~ 

OPT(L1L2L3)  =  n  A(L1L2L3)’ 

-AC.U-.  =  I  A(L) 

OPT (L)  a  A(L;  * 


We  shall  prove  that 
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maxfr^n),  r2(n),  r3 (n) ,  r4(n)}  a  —  • 

Let  B  denote  the  set  of  bins  packed  by  an  algorithm  A,  after  the 
pieces  in  L2  L3  have  been  packed.  Each  bin  b^eB  (1  —  w  ^  |b|)  contains 
m,  pieces  of  size  —  -  3e,  m„  pieces  of  size  4  +  e ,  and  m_  pieces 
of  size  4  +  e.  (Note  that  m  ,m  ,  and  m_  are  nonnegative  integers, 

•i  1  j  W  4  f  W  v  )  w 

0  £  m,  S  42.  0  5  m,  <  7 ,  0  S  m,  <3.)  For  notational  convenience, 
l,w  2  ,w  3,w 

we  shall  omit  the  double  subscript  and  simply  write  when  we  mean 
m.  .  We  define  the  set  of  bins  a.(l  s  i  S  3)  as  follows: 

Jiw  1 

a.  =  fb  e  b| b  is  at  least  half  full,  m.  ^  0,  and  m.  =  0  for 
1  w  1  w  i  j 

1  S  j  <  i}. 

In  other  words,  a  bin  b  is  in 

w 

al  43ml  +  ^m2  +  5m3>2  anci  mi  ^  0 

a2  if  j  m^  +  j  m3  >  j  and  m^  4  0,  *  0 

a3  if  j  mj  >  j  and  mj^O, 

Similar,  we  define  3^(1  s  i  5  3)  to  be; 

3.  =  fb  SB|b  is  less  than  half  full,  m.  #  0,  and  m.  =  0  for 
1  L  w  1  w  j.  j 


1  s  j  <  i}. 


Thus,  a  bin  b  is  in 
w 


8 


31 

if 

1  jl  .  1  ^  1  . 

42  ml+  7  m2+  3  m3<  2  and 

^2 

if 

XIX 
y  m2  +  3  tOj  <  j  and  4  0, 

P3 

if 

j  ntj  <  y  and  m3  i  0,  *  m, 

Letting  |aj  (|pj)  represent  the  number  of  bins  in  a ^  (P^),  we  have 
A(LX)  =  \aj\  +  |PL| 

A(L1L2)  =  lorj  +  IPJ  +  |a2|  +  |P2|  (2.2) 

A(LlL2L3)  -  \ax\  +  |pj  +  |a2!  +  |P2I  +  |«3|  +  |P3i 


Notice  that  no  two  pieces  of  size  j  +  e  will  fit  in  the  same  bin,  nor 
will  any  of  the  n  pieces  of  size  j  +  e  fit  in  an  a^,  a^,  or  c*3  bin,  so 

A(L)  *  n  +  laj  +  |a2|  +  ja3|  .  (2.3) 


Let  us  assume  that 

maxCr^n),  r2(n),  r3(n),  r4(n)}  < -yy-  . 
Combining  equations  (2.1),  (2.2),  and  (2.3),  this  tells  us 


JL  . 
42 

109 

71 

> 

Kl 

+ 

IM 

n 

6 

109 

71 

> 

Kl 

+ 

|pj  + 

l«2! 

+  |e2l 

a  . 
2 

109 

71 

> 

iail 

+ 

1  &i!  + 

l«2l 

+  |P2|  +  |af3|  +  |P3| 

109 

i  i 

n  • 

71 

> 

Kl 

+ 

l«2l  + 

l*3l 

+  n 

(2.4) 


(2.5) 


Because  there  are  n  pieces  of  size  — 


3e ,  n  of  size  j  +  e , 


and  n  of 


size  j  +  e, 


n  = 


n  = 


i 

e 

I 


,  _  III, 

b  e  B  1 
w 


b  e  B 
w 

a  =  Z  m., 

b  SB" 
w 


From  (2.6),  we  immediately  have 


42  n  =  '  42 


4  V 


*"  1 
b  e  B 
w 


1  V 

2  -  ”2 
b  SB 

w 


I 


-  n  =  -  2_  nu 

b  SB 
w 


Sunning  equations  (2.5)  and  (2.7), 


W n<£  +  M+l>  -n(^  +  i+1) 


4 1  Of  x  |  +  3|  0XI  +  3{or2|  +  2jez|  +  2(<*3|  +  |P3 


ST  ml  "  2  m2  '  Z  m3 

42  b  e  B  1  2  b  s  B  2  b  «  B 

W  w  w 


Simplifying  inequality  (2.8)  and  rearranging  terms: 


10 


Z  (£2  ml  +  2  m2  +  m3)  >  + 


b  e  B 
w 


.  *-  (42  ml  +  2  m2  +  “V  +  ,  (42  ml 

bweal  bvePl 


+  Z  (T  +  "!,)  +  Z  (7  m, 

bwea2  bw4*2 


4|af1l  +  3|PJ  +  3|a2j  +  2|P2|  + 


+  3|«2|  +  2|  e2|  +  2|cr3|  +  |e3| 

+  7  m2  +  m3) 

+  m. )  +  Z  +  Z 

J  b  so.  be  p 

w  3  w  3 

2|«3I+|P3|.  (2.9) 


By  considering  separately  each  of  the  summations  on  the  left  hand 
side-,  we  show  that  inequality  (2.9)  gives  a  contradiction. 

(a)  For  bw  e  c^:  —  mL  +  j  m2  +  7  m3  £  i 


77  m1  +  \  m2  +  m3  <  4 


(b)  Forbwe3L:  2^  ml  +  7  m2  +  I  m3  <  2 

4  .  1  .  ^  , 
42n1  +  2m2+m3<2 

(c)  For  b_  sa,;  y  m2  +  j  S  1 


+  2  mj  S  6  +  y  fflj 


Since  the  left  hand  side  is  an  integer,  m2  +  21^  ^  6 


2  m2  +  m3  S  3 


I 

I  1 


1 
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(d)  For  b  eft:  I  m  +  I  m  <  I 


w  K2‘  7  “‘2  3  “‘3  2 


2  m2  +  m3  <  2 


(e)  For  b  e  a  :  -r  m«  <  1 
w  j  J  J 


m3  S  2 


<f)  Forb^:  i„3<i 


s  l 


Combining  (a)  -  (f), 


L  »1  +  I  »2  +  “3>  +  ^  “l  +  T  ”2  +  »3> 

°w  P1 

+  Z  ( J  m2  +  m3 )  +  Z  (7  m,  +  )  +  T  m,  +  Z 


b  e  a 
w  1 


b  6(i 
w  2 


b  «  P,  2  2  3/  b  6  <*3  3  b  *e  0  3 

w  2  w  3  w  3 


4  or^  +3  0j  +  3|a2  +  2  02|  +  2  a3|  +  03 


This  contradicts  inequality  (2.9).  The  assumption  in  (2.4)  must  be  in¬ 
correct,  from  which  we  conclude  that 


max 


r  A(L1>  A<LlV  A<L1L2L3>  ACL)  ,  a 
lOPT(L1)  ’  OPT(L1L2)  ’  OPT(L1L2L3)  *  OPT(L)J 


109 
71  * 


12 


III.  The  Main  Result 


Define  the  sequence  of  integers  {a^},  f°r  n  a  1,  by 


al  =  2 


n 


a  -  =  1  +  II  a. 
n+1  •  i=i 1 


(3.1) 


Thus,  {an}  =  {  2,  3,  7,  43,  1807,  3263443,  ...}, 

and  notice  that 


00 

I 

i=l 


_1_ 

ai 


1. 


This  sequence  has  been  studied  by  Golomb  [10,11]  and  it  is  conjectured 
that  the  closest  approximation  to  1  from  below,  which  is  a  sum  of  k 
reciprocal  integers,  is  given  by 


for  every  positive  interger  k. 

In  the  proof  of  our  lower  bound  result,  we  shall  make  use  of  the 


following  simple  lemma 


Lemma.  Let  {a^}  be  the  sequence  of  integers  defined  above  in  (1).  Then, 
for  L  £  ks  j , 


i  +  i  2  _Jl _ 

a,  a,  -1 


Proof : 


We  first  observe  that 


a.  ^  k  +  1 
k 


(k  +  l)ak  -  (k  +  1)  a  k  ak 


k  +  1  k 

•k  V1 


and  so,  for  j  a  k. 


a.  a  -1 
k  k 


Motivated  by  the  work  in  Section  II,  we  now  state  and  prove  our 
main  result. 

Theorem.  For  any  on-line  one -dimensional  packing  algorithm  A, 


t 

y  — 

um  {  “*  s  *  ai  >  i*5363 

n-*  oo  OPT(L)  =n  0PT(L)  f  1 

i-1  V1 


Proof : 

For  any  positive  integer  t  ^  3,  let  e  be  a  small  fixed  number, 


at(at-l)(t-l)  * 


0  <  e  < 


i  •••  3 


We  define  pieces  p^,  p^  to  be  of  sizes 


pi  ‘  •  (t'l)e 


and 


t+l-j 


+  e  , 


for  2  S  j  S  t.  Consider  the  list  L  *  .  Lfc,  where  each  consists 

of  n  pieces  of  size  p^  for  n  some  multiple  of  -  1.  Then,  for 
ISkit, 


OPT(L1  L2 


V 


n 

at+l-k-1 


(3.2) 


and  we  can  define  the  ratios 


A(L.  L»  ...  L,  ) 

r  (n)  =  - — - — 

OPT (L^  L2  ...  1^) 


(3.3) 


We  shall  prove  that 


“ax  {r (n)}  a  R  , 
1  S  k  s  t  C 


(3.4) 


where 


(3.5) 


Let  B  denote  the  set  of  bins  packed  by  an  algorithm  A,  after  the 

(t  -  l)n  pieces  in  list  L.  L.  . . .  L„  .  have  been  packed.  Each  bin  b  «  B 

1  L  t -1  w 

(l*w*  |  B|  )  contains  m,  pieces  of  size  p . ,  for  all  IS  i  S  t  -  1.  For 

jL  ,w  i 


notational  convenience,  we  shall  omit  the  double  subscript  and  simply  write 

m.  when  we  mean  m.  .  Note  that  0  ^  m.  <  a,.,  . ,  for  1  <  t-1.  For 

i  i,w  j  t+l-j’ 

1  ^  k  ^  t-1,  the  set  a.  is  defined  to  consist  of  those  bins  b  e  B  which  are 

k  w 

at  least  half  full  and  in  which  the  smallest  piece  has  size  p^.  Similarly, 

we  define  j3,  to  be  the  set  of  bins  b  e  B  which  are  less  than  half  full  and  in 
k  w 

which  the  smallest  piece  has  size  p.  .  So  (of,  |(|P,  |)  represents  the  number  of 


bins  in  (P^) ,  and,  for  1  <  kS  t-1 


A(LX4  ...  L  )  =■  l  (|a.|  +  |P  |), 
i=l 


Having  packed  L2  ...  Lt  _  .,  we  note  that  it  will  not  be  possible  to 
place  any  of  the  remaining  n  pieces  of  size  p  in  any  a,  bin.  So  we 

L  K 

also  have 


(3.6) 


A  (L.^  1<2  ...  ^  n  +•  ^  j  |  . 

i=l 


(3.7) 


Let  us  assume  that 


max  {r  (n))  <  R  . 
l*iSt 


(3.8) 


Making  use  of  equations  (3.2),  (3.3),  (3.6),  and  (3.7),  this  assumption 
leads  to  the  following  inequalities,  for  1  £  k  £  t-1: 


t-i-l-k 


-  •  I<KI +  l8j> 


t-1 

n  ’  \  >  n  +  I  |aj 


(3.9) 


mm  u  in 
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Because  there  are  n  pieces  of  each  size  p^,  we  note  that 


n 


r 


b  e  B 
w 


t-k+1 


for  all  k  in  the  range  2  £  k  £  t.  Thus, 


k 

V1  * 


n 


k 

V1 


b 


I  - 


t-k+1 


w 


Summing  equations  (3.9)  and  (3.10)  over  k  gives 


(3.10) 


t-1 

nRt  X 


k=l  t+l-k 


-  +  nRt 


k 

V1 


t-1  k 


t-1 


Z  I  (]«il  +  iPj)  +  n  +  £  |cri|  -  Y.  —  Z  mt 


k=l  i=l 


i=l 


k=2  k  b  e  B 

w 


•k+1 


From  (3.5),  we  observe  that 


1  +  Z  ~l 

kT2  ak'1 

t-1 

1  +  z 


k-1  at+l-k_1 


and  so  inequality  (3.11)  can  be  simplified  to  give 


I 

k*2  k  b 


IbW  >  t  Z<l«il  +IPJ)  +  Zkl 

w  k-1  i»l  i=l 


(3.12) 


Inequality  (3.12)  further  simplifies  to  give 


(3.13) 
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,  t^l 

y  I  rrr \.k+1  >  T.  ((j  +  i)l«t.jl +  j!pt-jl) 

b  t B  k=2  ak  1  C  K+L  j-1  3  2 

w 

The  remainder  of  this  proof  consists  of  showing  that  (3.13)  gives 
a  contradiction.  In  particular,  we  shall  show  that 


&  v1  *  1  + 1 


(3.14) 


for  any  bin  b  e  a  .  (1  S  j  i  t  •  1)  and  that 
J  w  t-j 


I  “I  mt-k+i  £  j 

k=2  ak  1  C  ‘C+1 


(3.15) 


for  any  bin  b  e  B  .  (1  £  i  £  t  -  1).  From  this  we  deduce  that  the 
J  w  t-j 

assumption  in  (3.8)  is  incorrect,  thereby  proving  the  assertion  of 
(3.4).  The  theorem  follows  immediately. 

We  first  prove  assertion  (3.14).  For  b^ e c*t  ,  then 


P1®1  +  P2m2  +  ...  +  *  1 


(3.16) 


and  p  . m  .is  the  first  nonzero  term.  There  are  two  cases. 
rt-j  t-j 

(i)  Assume  that  j  £  t  -  2.  Then 


J+1  i 

V  —  ni.  -  s  1 
A  ai  t'i+1 


and 


j 


1  A  1  ...  1 

— — —  .  +  \  —  in  .  .  s  1  +  - r  m_ 

a.  t-i+1  aj+2_1  t_J 


ai+l_1  t‘j  &  “i 


(3.17) 
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Recalling  that  m.  <  at+]__j»  then  we  know 


in  .  <  a .  , 
t-J  J+l 


Also,  as  a  consequence  of  (3.1), 


*j+2  '  1  ’  aJ+l(aj+l  "  11 


Using  (3.18)  and  (3.19),  inequality  (3.17)  gives 


m  .  +  )  — -  in 


aJ+i-1  a-J  &  ai  c'1+1 


<  1  + 


Vr1 


(3.18) 


(3.19) 


(3.20) 


From  (3.1),  we  note  that  aj+1  ’  1  is  divisible  by  a±,  for  all  i  S  j. 
Thus,  the  left  hand  side  of  (3.20)  is  a  multiple  of  — r  ,  and  we 

Vi 

have 


in 


1  • 
aj+i‘L 


J 


1 


V*  —  m  .  ,  SI. 
ai  t_1+1 


Thus , 


j+l  r<  j  +  1 


J+l 


-1  t-j  at  i 


t-i+1 


s  j  +  1 


Applying  the  Lemma, 


.  +  f  -Lr- 
‘j+l'1  t-J  ifH  V1 


i+1 


S  j  +  l 


and  we  have  proved  inequality  (3.14)  for  j  s  t-2 


(ii)  Assume  that  j  =  t  -  1;  i.e.,  b  e  a,  .  Since  p.  >  -  for 

w  1  i  a. 


2  ^  i  S  t  -  1,  we  conclude  from  (3.16)  that 


t+l-i 


-  <t  -  D.i-j  + 11  ^  Vi+1  *  i. 


Recalling  how  we  chose  s, 


t-1 


_  1  r*  1 

— r  m  +  >  —  in  . 

.-1  1  a,  t-i 


m. 


i=2  i 


,  <  1  +  .  . . 
l+l  at(at"l> 


(3.21) 


Because  m,  £  a  -  1,  the  right  hand  side  of  (3.21)  is  less  than  1  +  — . 

1  t  at 

As  in  case  (i),  we  also  note  that  the  left  hand  side  of  (3.21)  is  a 
multiple  of  — and  that  — .  Thus, 

V1  V1  at 


t-1 


1  .  V  i 

-1  1  a .  t-i 


i-2  i 


i+1 


s  1 


(3.22) 


Similar  to  case  (i),  we  multiply  both  sides  of  (3.22)  by  t  and  apply  the 
Lemma  in  order  to  obtain  the  desired  result: 


1^2  ai"1  ^  Z  ' 


We  now  prove  assertion  (3.15).  For  b  e  6  then 

w  t-j 


Plml  +  Pom,  + 


2  2 


'•*  +  Pt-lmt-l  <  2 


and  m. 


t-j 


is  the  first  nonzero  term.  There  are  two  cases. 


(i)  Assume  that  j  £  t  -2.  Then 


i=2 


a . 

i 


m 


t-i+1 


(3.23) 


Multiplying  both  sides  of  (3.23)  by  j  +  2  and  then  applying  the  Lemma, 


jr  -i- 

ifc  vl  Vl+1 


(3.24) 


i  +  2 

For  j  s  2,  ~ ^  j  and  the  result  is  proved.  For  j  *  1,  (3.24)  reduces 
3 

to  <  2 •  Since  m^  ^  is  an  integer,  this  says  m  ^  £  1  and  once  again 

the  desired  result  holds. 

(ii)  Assume  that  j  ■  t  -  1;  i.e.,  b^ej^.  Similar  to  inequality  (3.21), 
we  have 


- -  m 

at-l  1 


+  -i- 


m 


i-2  ai  t_i+1 


(3.25) 


Multiplying  both  sides  of  (3.25)  by  t  and  applying  the  Lemma, 


a^l  mt - i+1 


For  t  a  3, 


and  so 


< 


t  -  2 
2 


i 

l«: 


a^-l  mt-i+l 


< 


t 


1 


and  the  theorem  is  proved.  f 


21 


References 


[1]  B.  S.  Baker,  D.  J.  Brown,  and  H.  P.  Katseff,  "A  5/4  algorithm  for 
two-dimensional  bin  packing,"  in  preparation. 

[2]  B.  S.  Baker,  E.  G.  Coffman,  and  R.  L.  Ri vest,  "Orthogonal  packings 
in  two  dimensions,"  SIAM  Journal  of  Computing,  to  appear. 

[3]  B.  S.  Baker  and  J.  S.  Schwartz,  "Shelf  algorithms  for  two-dimensional 
packing  problems,"  Proceedings  1979  CISS,  Johns  Hopkins  University, 
Baltimore,  Maryland. 

[4]  D.  J.  Brown,  work  in  progress. 

[5]  D.  J.  Brown,  "An  improved  BL  lower  bound,"  submitted  for  publication 
(1979). 

[6]  D.  J.  Brown,  B.  S.  Baker,  and  H.  P.  Katseff,  "Lower  bounds  for  on¬ 
line  two-dimensional  packing  algorithms,"  technical  report. 

Coordinated  Science  Laboratory,  University  of  Illinois. 

[7]  E.  G.  Coffman,  M.  R.  Garey,  D.  S.  Johnson,  and  R.  E.  Tarjan, 

"Performance  bounds  for  level-oriented  two  dimensional  packing 
algorithms,"  Technical  Memorandum,  Bell  Laboratories,  Murray  Hill, 

N.J. 

[8]  M.  R.  Garey  and  D.  S.  Johnson,  Computers  and  Intractability;  A 
Guide  to  the  Theory  of  NP-Completeness ,  W.  H.  Freeman  &  Co.,  San 
Francisco,  CA,  1979. 

[9]  I.  Golan,  "Performance  bounds  for  orthogonal  oriented  twOTdimensional 
packing  algorithms,"  draft  (1979). 

[10]  S.  W.  Golomb,  "On  certain  nonlinear  recurring  sequences,"  American 
Mathematical  Monthly,  vol.  70,  pp.  403-405,  1963. 

[11]  S.  W.  Golomb,  "On  the  sum  of  the  reciprocals  of  the  Fermat  numbers  and 
related  irrationalities,"  Canadian  Journal  of  Mathematics,  vol.  15, 
pp.  475-478,  1963. 

[12]  D.  S.  Johnson,  "Near  optimal  bin  packing  algorithms,"  Ph.D.  Dissertation, 
Massachusetts  Institute  of  Technology,  Cambridge,  Mass.,  June  1973. 

[13]  D.  S.  Johnson,  "Fast  algorithms  for  bin  packing,"  J.  Comput.  System  Sci.. 
vol.  8,  pp.  272-314,  1974. 

[14]  D.  S.  Johnson,  A.  Demers,  J.  D.  Ullman,  M.  R.  Garey,  and  R.  L.  Graham, 
"Worst-case  performance  bounds  for  simple  one-dimensional  packing 
algorithms,"  SIAM  Journal  of  Computing,  vol.  3,  pp.  299-325,  1974. 

[15]  J.  A.  Storer,  "An  improved  lower  bound  for  on-line  packing  with 
decreasing  width,"  draft  (1979). 


[16]  A.  Yao,  "New  algorithms  for  bin  packing,"  Report  No.  STAN-CS- 78-662, 
Computer  Science  Department,  Stanford  University,  Stanford,  CA,  1978. 


